Résumé. 2014 
Abstract. 2014 We consider the approach to thermodynamical equilibrium in a chain of coupled nonlinear oscillators when energy is initially fed only to the longest wavelength modes. Consideration of the effects of singularities in the complex plane of the solutions of the equations of motion allows us to predict that at not too long times the energy spectrum has an exponential tail in the wavenumber k and to distinguish between two [3] . More recent works [4] [5] [6] have shown that the regions of phase space where ordered motion takes place are much more extended than expected on the basis of the KAM theorem. Some authors [6] where the real, one-component field p(x, t) is defined on the interval -L/2 x L/2 with periodic boundary conditions. The corresponding hamiltonian density is given by :
where the field 7r is canonically conjugate to po The system may be either considered as a one-dimensional elastic string in an external anharmonic potential, or as a one-dimensional classical field theory.
We study the time evolution of the field ~ as a function of the initial condition p(x, 0), It is known that if H is finite at t = 0, the solution of equation (2.1) exists and is unique [7] . It is useful to define the space Fourier transform of the field p as follows :
We shall consider as a typical initial condition :
We are interested in the behaviour, in the region I k I &#x3E; kI, of the spectrum W(k, t), defined by :
We expect the field p to reach asymptotically a thermal equilibrium distribution, given by a Boltzmann factor exp( -f3H) for some value of the inverse temperature f3 determined by the initial conditions. In this case, at values of the wavenumber k so large that the mass and nonlinear terms of H are negligible, one would have :
This behaviour of W corresponds to functions p(x, t) which are not differentiable with respect to x. Now it is known that since T(x, 0) is analytical as a function of x, the solution T(x, t) will remain analytical at any finite time t [7] . Equation (2.6) simpler if we consider a harmonic chain ( g = 0) in the limit of infinite length (L -oo). We expect this analysis to be also valid for our case if g is not too large. It is known that the one-point probability distribution function of a classical harmonic field in one-dimensional is gaussian [9] . The variance Q2 of the gaussian will be then given at small y's by :
The probability p, for I 1m cp to be larger than m/g 1/2 will be therefore given by :
The time needed for this to happen will therefore be of order 1/pc. This yields the following estimate of YS : .
The main effect of the nonlinear terms in this regime will be to change the value of (12. If a2 were time independent, equation (2.21) will be essentially correct. Let us distinguish between the role of short and long wavelength modes. At the times we are interested in, most of the energy is contained in the long wavelength modes, which may be assumed to be in a kind of thermal equilibrium among themselves. Their contribution to (J2 may be then considered as essentially constant in time. The short wavelength modes will however also contribute to (J2. As The quantity corresponding to the W(k, t ) of the previous section will be :
We have performed simulations for N = 64 and N = 128. The initial conditions were chosen to be : all other Fourier coefficient having been set to zero. The integration of equation (2 .1 ) was performed by means of the central difference algorithm [10] :
where the discretized force Fj({ T }) is given by :
In the limit At -0 equation ( [11] .
We now present the results for short times. We have verified that the spectrum Wn(t ) can be very well described by an exponential in the region of not too small n. A typical example is shown in figure 2 . It is easy to obtain the value of the slope S (t ) of this exponential from the data :
This slope is related to ys(t) of the previous section by :
We show in figure 3 the dependence of S (t ) on In (tAgI/2) with different values of t, g and A. We see that the data gather on an universal curve, which is essentially a straight line, giving therefore a confirmation to the analysis of short times performed in section 2. This plot may be therefore considered as a check of equation (2.20) . All error bars represent essentially uncertainties in the estimation of S(t).
We have verified that the value of Wn(t ) coincides with its time average at short times. This is due to the dominance of a single complex singularity. As Frisch and Morf [8] . The role of the infinite volume limit has also been clarified. The free evolution of the system is indeed such that 9 may only become arbitrarily large in the infinite volume limit. In this case no linear perturbation may be considered small if one follows the system at long enough times. It is possible that intermittance concepts are relevant in this context [8, 11] . Further work aims at clarifying this connection [11] . One of our main results is that the system approaches equilibrium with a logarithmic dependence on t, so that the nonequilibrium spectrum may persist for extremely long times, and may be mistaken for a stationary state if the observation time is not sufficiently long. It is amusing to remark that this quasi-equilibrium distribution is similar to Wien's law for black body radiation, with a slowly varying « Planck's constant ».
